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Abstrat
Contribution of matter fields to the Gell-Mann-Low funtion for N=1 supersym-
metri Yang-Mills theory, regularized by higher ovariant derivatives, is obtained
using Shwinger-Dyson equations and Slavnov-Tailor identities. A possible devia-
tion of the result from the orresponding ontribution in the exat Novikov, Shifman,
Vainshtein and Zakharov β-funtion is disussed.
1 Introdution.
It is well known, that supersymmetry essentially improves the ultraviolet behavior of
a theory. For example, even in theories with unextended supersymmetry, it is possible to
propose the form of the β-funtion exatly to all orders of the perturbation theory. This
proposal was first made in Ref. [1℄ as a result of investigating instanton ontributions
struture. For the N = 1 supersymmetri Yang-Mills theory with matter fields, this
β-funtion, alled the exat Novikov-Shifman-Vainshtein-Zakharov (NSVZ) β-funtion)
is
β(α) = −
α2
[
3C2 − 2C(R)
(
1− γ(α)
)]
2pi(1− C2α/2pi)
, (1)
where γ(α) is the anomalous dimension of the matter superfield. We note that here
we present the result for a theory with the Dira fermions, and two hiral superfields
orrespond to eah of them. R denotes a representation for one of the matter superfields,
and C(R) is given by
tr (T aT b) = C(R) δab. (2)
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In order to obtain suh β-funtion it is most onvenient to use the higher derivative
regularization [2, 3℄. Then the renormalization of the operator WaC
abWb is exhausted
at the one-loop, while the Gell-Mann-Low funtion oinides with the exat NSVZ β-
funtion. This was onfirmed by the expliit alulations in two-loop [4, 5℄, three-loop [6℄,
and partially four-loop approximations [7℄. (We note that the Gell-Mann-Low funtion
does not depend on a partiular hoie of the renormalization sheme due to its definition.)
Investigation of the N = 1 supersymmetri eletrodynamis was made in Ref. [8℄
exatly to all orders of the perturbation theory. Aording to that paper, it is possible
to obtain the exat β-funtion using Shwinger-Dyson equations and Ward identities.
However, there is an additional ontribution besides the ordinary NSVZ result. Expliit
alulations show that it is always equal to 0 in the lowest orders. This allows proposing
existene of a new identity for some Green funtions. A proof of this identity exatly to
all orders is rather nontrivial. The matter is that it is not redued to the Ward identity,
while its proving by summation of diagrams [9℄ is rather ompliated. We note that in
Ref. [9℄ this proof was made only for a restrited lass of diagrams in the massless ase.
Nevertheless, it seems that the new identity is also valid for the other diagrams, that
follows, for example, from the expliit four-loop alulations [7℄.
So, obtaining the exat β-funtion is a rather nontrivial problem even in the ele-
trodynamis. In the ase of the Yang-Mills theory the exat β-funtion agrees with the
results of expliit alulations in the two-loop approximation if the dimensional redution
is used for regularization. However, there are disagreements between the preditions,
following from the exat β-funtion, and expliit alulations, made in MS-sheme for the
β-funtion, defined as a derivative of the renormalized oupling onstant, in the three-loop
approximation [10, 11, 12℄. It was shown [11℄ that these disagreements an be eliminated
by a speial hoie of renormalization sheme, the possibility of suh a hoie being highly
nontrivial [13℄.
In this paper we attempt to investigate ontribution of the matter superfields to the
Gell-Mann-Low funtion in non-Abelian supersymmetri gauge theories exatly to all
orders of the perturbation theory using the Shwinger-Dyson equations and Slavnov-
Taylor identities. The Gell-Mann-Low funtion is defined by asymptoti of the two-point
Green funtion in the limit of large momentums. And so, the obtained results atually
orrespond to the limit of massless matter fields. (Nevertheless, in order to eluidate
alulating the ontribution of Pauli-Villars fields, we will onsider the ase of an arbitrary
mass throughout the paper. Taking the limitm→ 0 will be made in the end for obtaining
the final result.)
This paper is organized as follows.
In Se. 2 we reall basi information about the N = 1 supersymmetri Yang-Mills
theory and its higher derivatives regularization. The Shwinger-Dyson equations for the
onsidered theory are obtained in Se. 3. In that setion we present the solution of
the Slavnov-Taylor identities, whih determines vertex funtions in the Shwinger-Dyson
equations. After substitution of these vertexes the ontribution to the two-point Green
funtion of the gauge field is obtained in the form of an integral. Calulation of this
integral is made in Se. 4. A brief disussion of the results is given in the onlusion.
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2 N = 1 supersymmetri Yang-Mills theory, bak-
ground field method and higher derivative regular-
ization
The N = 1 supersymmetri Yang-Mills theory in the superspae is desribed by the
ation
S =
1
4e2
Re tr
∫
d4x d2θWaC
abWb +
1
4
∫
d4x d4θ
(
φ+e2V φ+ φ˜+e−2V
t
φ˜
)
+
+
1
2
m
∫
d4x d2θ φ˜t φ+
1
2
m
∫
d4x d2θ¯ φ˜+φ∗. (3)
Here φ and φ˜ are hiral matter superfields, and V is a real salar superfield, whih ontains
the gauge field Aµ as a omponent. The superfield Wa is a supersymmetri analogue of
the gauge field stress tensor. It is defined by
Wa =
1
32
D¯(1− γ5)D
[
e−2V (1 + γ5)Dae
2V
]
, (4)
where
D =
∂
∂θ¯
− iγµθ ∂µ (5)
is a supersymmetri ovariant derivative. In our notation, the gauge superfield V is
expanded over the generators of the gauge group T a as V = e V aT a, where e is a oupling
onstant.
Ation (3) is invariant under gauge transformations
φ→ eiΛφ; φ˜→ e−iΛtφ˜; e2V → eiΛ+e2V e−iΛ. (6)
Suh a transformation law means that if the field φ is in the representation R of the gauge
group G, the field φ˜ is in the representation R¯, onjugated to R.
For quantization of this model it is onvenient to use the bakground field method.
The matter is that the bakground field method allows alulating the effetive ation
without manifest breaking of the gauge invariane. In the supersymmetri ase it an
formulated as follows [14, 15℄: Let us make a substitution
e2V → e2V ′ ≡ eΩ+e2V eΩ, (7)
in ation (3), whereΩ is a bakground salar superfield. Expression for V ′ is a ompliated
nonlinear funtion of V , Ω, andΩ+. We do not interested in expliit form of this funtion:
V ′ = V ′[V,Ω]. (8)
(For brevity of notation we will not expliitly write the dependene on Ω
+
here and
below.)
The obtained theory will be invariant under bakground gauge transformations
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φ→ eΛφ; φ˜→ e−Λt φ˜; V → eiKV e−iK ;
eΩ → eiKeΩe−Λ; eΩ+ → e−Λ+eΩ+e−iK , (9)
where K is a real superfield, and Λ is a hiral superfield.
Let us onstrut the hiral ovariant derivatives
D ≡ e−Ω+ 1
2
(1 + γ5)De
Ω+ ; D¯ ≡ eΩ1
2
(1− γ5)De−Ω. (10)
Ating on some field X , whih is transformed as X → eiKX , these ovariant derivatives
are transformed in the same way. It is also possible to define a ovariant derivative with
the Lorentz index
Dµ ≡ −
i
4
(Cγµ)ab
{
Da, D¯b
}
, (11)
whih will have the same property. It is easy to see that after substitution (7) ation (3)
will be
S =
1
4e2
trRe
∫
d4x d2θW aW a −
1
128e2
trRe
∫
d4x d4θ
[
16
(
e−2VDae2V
)
W a +
+
(
e−2VDae2V
)
D¯
2
(
e−2VDae
2V
)]
+
1
4
∫
d4x d4θ
(
φ+eΩ
+
e2V eΩφ+ φ˜+e−Ω
∗
e−2V
t ×
×e−Ωtφ˜
)
+
1
2
m
∫
d4x d2θ φ˜t φ+
1
2
m
∫
d4x d2θ¯ φ˜+φ∗, (12)
where
W a =
1
32
eΩD¯(1− γ5)D
(
e−Ωe−Ω
+
(1 + γ5)Dae
Ω+eΩ
)
e−Ω, (13)
and the notation
D
2 ≡ 1
2
D¯(1 + γ5)D; D¯
2 ≡ 1
2
D¯(1− γ5)D;
D
a ≡
[1
2
D¯(1 + γ5)
]a
; Da ≡
[1
2
(1 + γ5)D
]
a
;
D¯
a ≡
[1
2
D¯(1− γ5)
]a
; D¯a ≡
[1
2
(1− γ5)D
]
a
(14)
is used. Ation of the ovariant derivatives on the field V in the adjoint representation
is defined by the standard way.
It is onvenient to hoose a regularization and gauge fixing so that invariane (9)
will be unbroken. For example, the higher ovariant derivative regularization an be
introdued by the substitution of ation (12) for
4
SΛ =
1
4e2
trRe
∫
d4x d2θW aW a −
1
128e2
trRe
∫
d4x d4θ
[
16
(
e−2VDae2V
)
W a +
+
(
e−2VDae2V
)
D¯
2
(
e−2VDa
(
1 +
(D2µ)
n
Λ2n
)
e2V
)]
+
1
4
∫
d4x d4θ
(
φ+eΩ
+
e2V eΩφ+
+φ˜+e−Ω
∗
e−2V
t
e−Ω
t
φ˜
)
+
1
2
m
∫
d4x d2θ φ˜t φ+
1
2
m
∫
d4x d2θ¯ φ˜+φ∗. (15)
This ation is evidently invariant under bakground gauge transformations (9).
We note that the desribed way of regularization is a bit different from the method,
proposed in Ref. [16℄. The differene is in the form of the term, whih ontains higher
derivatives. Using of the method, proposed here, simplifies alulations in a ertain degree,
while all partiular features of higher derivative regularization are the same in the both
ases. So, although expliit alulations by the method, proposed in Ref. [16℄ in two
and more loops were not yet made, it is possible to propose that their results will not
essentially differ from the ones, obtained below in this paper.
The gauge an be also fixed by the invariant way, for example, by adding the terms
Sgf = −
1
64e2
∫
d4x d4θ
(
VD2D¯
2
(
1 +
(D2µ)
n
Λ2n
)
V + V D¯
2
D
2
(
1 +
(D2µ)
n
Λ2n
)
V
)
. (16)
In this ase terms quadrati in the superfield V will have the simplest form:
1
4e2
tr Re
∫
d4x d4θ VD2µ
(
1 +
(D2µ)
n
Λ2n
)
V. (17)
Certainly, it is also neessary to add the orresponding ation Sgh for the Faddeev-Popov
ghosts. We will not write here expliit form of this ation, beause it is not essential for
alulating a ontribution of the matter superfield loops.
Proposed way of the regularization and gauge fixing preserves both invariane under
the supersymmetry transformations and the invariane under transformations (9). As
a onsequene, the effetive ation, alulated by the bakground field method, will be
invariant under both supersymmetry and gauge transformations.
Let us onstrut the generating funtional as follows:
Z[J,Ω, j] =
∫
Dµ exp
{
iSrΛ + iSgf + iSgh + iSS + iSφ0 +
+i
∫
d4x d4θ
(
J + J [Ω]
)(
V ′[V,Ω]−V
)}
, (18)
where the superfield V is given by
e2V ≡ eΩ+eΩ, (19)
and J [Ω] is a so far undefined funtional. A reason of its introduing will be lear later.
The funtional integration measure is written as
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Dµ = DV DφDφ˜. (20)
SrΛ denotes renormalized and regularized ation
SrΛ =
1
4e20
trRe
∫
d4x d2θW aW a −
1
128e20
trRe
∫
d4x d4θ
[
16
(
e−2VDae2V
)
W a +
+
(
e−2VDae2V
)
D¯
2
(
e−2VDa
(
1 +
(D2µ)
n
Λ2n
)
e2V
)]
+
1
4
Z(e,Λ/µ)
∫
d4x d4θ
(
φ+eΩ
+ ×
×e2V eΩφ+ φ˜+e−Ω∗e−2V te−Ωtφ˜
)
+
1
2
m
∫
d4x d2θ φ˜t φ+
1
2
m
∫
d4x d2θ¯ φ˜+φ∗, (21)
where e0 is a bare oupling onstant, and Z is a renormalization onstant for the wave
funtion of the matter superfields. Sgf denotes gauge fixing terms (16) (the oupling
onstant e in them is also replaed by e0), and Sgh is a orresponding ation for the
Faddeev-Popov ghosts (and also for the Nielsen-Kallosh ghosts). SS denotes the terms
with soures for hiral superfields, whih in the extended form are written as
SS =
∫
d4x d2θ
(
jt φ+ j˜t φ˜
)
+
∫
d4x d2θ¯
(
j+φ∗ + j˜+φ˜∗
)
. (22)
Moreover, in generating funtional (18) we introdue the supplementary soures
Sφ0 =
1
4
∫
d4x d4θ
(
φ+0 e
Ω+e2V eΩφ+ φ+eΩ
+
e2V eΩφ0 +
+φ˜+0 e
−Ω∗e−2V
t
e−Ω
t
φ˜+ φ˜+e−Ω
∗
e−2V
t
e−Ω
t
φ˜0
)
, (23)
where φ0, φ
+
0 , φ˜0 and φ˜
+
0 are arbitrary salar superfields. In priniple, it is not neessary
to introdue the term Sφ0 in the generating funtional, but the presene of the parameters
φ0 is highly desirable for investigating the Shwinger-Dyson equations.
In order to understand how generating funtional (18) is related with the ordinary
effetive ation, we perform the substitution V → V ′. Then we obtain
Z[J,Ω, j] = exp
{
− i
∫
d4x d4θ
(
J + J [Ω]
)
V
}
Z0
[
J + J [Ω],Ω, j
]
, (24)
where
Z0[J,Ω, j] =
∫
Dµ exp
{
iSrΛ + iSgf + iSgh + iSS + iSφ0 + i
∫
d4x d4θ JV
}
. (25)
If the dependene of SrΛ, Sgf , Sgh, and Sφ0 on the arguments V , Ω, and Ω
+
were fatorized
into the dependene on the variable V ′, Z0 would not depend on Ω and Ω
+
and would
oinide with the ordinary generating funtional. This really takes plae for ation (3) and
Sφ0 . However, in the term with the higher derivatives and in the gauge fixing terms suh
fatorization does not our. Therefore, Z0 atually differs from the ordinary generating
funtional.
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Using the funtional Z[J,Ω, j] it is possible to onstrut the generating funtional for
the onneted Green funtions
W [J,Ω, j] = −i lnZ[J,Ω, j] =
= −
∫
d4x d4θ
(
J + J [Ω]
)
V +W0
[
J + J [Ω],Ω, j
]
. (26)
Also it is possible to onstrut the orresponding effetive ation
Γ[V,Ω, φ] = −
∫
d4x d4θ
(
JV + J [Ω]V
)
+W0
[
J + J [Ω],Ω, j
]
−
−
∫
d4x d4θ JV −
∫
d4x d2θ
(
jt φ+ j˜t φ˜
)
−
∫
d4x d2θ¯
(
j+φ∗ + j˜+φ˜∗
)
, (27)
where the soures should be expressed in terms of fields using the equation
V =
δ
δJ
W [J,Ω, j] = −V + δ
δJ
W0
[
J + J [Ω],Ω, j
]
;
φ =
δ
δj
W [J,Ω, j] =
δ
δj
W0
[
J + J [Ω],Ω, j
]
e.t.. (28)
Substituting these expression into Eq. (27), we write the effetive ation as
Γ[V,Ω, φ] = W0
[
J + J [Ω],Ω, j
]
−
∫
d4x d4θ
(
J [Ω]V + J
δ
δJ
W0
[
j, J + J [Ω],Ω, j
])
−
−
∫
d4x d2θ φ
δ
δj
W0
[
J + J [Ω],Ω, j
]
−
(
similar terms with φ+, φ˜ and φ˜+
)
. (29)
Let us now set V = 0, so that
V =
δ
δJ
W0
[
J + J [Ω],Ω, j
]
. (30)
Moreover, we take into aount that the invariane under bakground gauge transfor-
mations (9) essentially restrits the form of the effetive ation. If the quantum field V in
the effetive ation is set to 0, the superfield K will affet only the gauge transformation
law of the fields Ω and Ω
+
, and the only invariant ombination is expression (19). (It
is invariant in a sense, that the orresponding transformation law does not ontain the
superfield K.) This means that in the final expression for the effetive ation we an set
Ω = Ω+ = V. (31)
In this ase the effetive ation is
Γ[0,V, φ] = W0
[
J + J [V],V, j
]
−
∫
d4x d4θ
(
J + J [V]
) δ
δJ
W0
[
J + J [V],V, j
]
−
−
∫
d4x d2θ φ
δ
δj
W0
[
J + J [V],V, j
]
−
(
similar terms with φ+, φ˜, and φ˜+
)
. (32)
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Note, that this expression does not depend on form of the funtional J [Ω]. In partiular
it an be hosen to anel terms linear in the field V in Eq. (18). Suh a hoie will be
very onvenient below.
If the gauge fixing terms and the terms with higher derivatives depended only on
V ′, expression (32) would oinide with the ordinary effetive ation. However, as we
already mentioned above, the dependene on V , Ω, and Ω+ is not fatorized into the
dependene on V ′ in the proposed method of renormalization and gauge fixing. Aording
to Ref. [17, 18℄ the invariant harge (and, therefore, the Gell-Mann-Low funtion) is
gauge independent, and the dependene of the effetive ation on gauge an be eliminated
by renormalization of the wave funtions of the gauge field, ghosts, and matter fields.
Therefore, for alulating the Gell-Mann-Low funtion we may use the bakground gauge
desribed above. We note that if this gauge is used, the renormalization onstant of the
gauge field Aµ is 1 due to the invariane of the ation under transformations (9).
Nevertheless, generating funtional (18) is not yet ompletely onstruted. The mat-
ter is that adding the term with higher derivatives does not remove divergenes from
one-loop diagrams. To regularize them, it is neessary to insert the Pauli-Villars deter-
minants in the generating funtional [19℄. Beause in this paper we are interested only in
ontributions of matter superfields, we onstrut these determinants only for them. (Also
it is neessary to introdue the Pauli-Villars fields for the gauge field and ghosts.) Here
we will at one use ondition (31). So, we insert in the generating funtional the fator
∏
i
(
detPV (V,V,Mi)
)ci
, (33)
in whih the Pauli-Villars determinants are defined by
(
detPV (V,M)
)
−1
=
∫
DΦDΦ˜ exp
(
iSPV
)
. (34)
If ondition (31) is used, the ation for the Pauli-Villars fields will be
SPV ≡ Z(e,Λ/µ)
1
4
∫
d4x d4θ
(
Φ+eVe2V eVΦ + Φ˜+e−V
t
e−2V
t
e−V
t
Φ˜
)
+
+
1
2
∫
d4x d2θMΦ˜tΦ+
1
2
∫
d4x d2θ¯ MΦ˜+Φ∗. (35)
The oeffiients ci in Eq. (33) satisfy onditions
∑
i
ci = 1;
∑
i
ciM
2
i = 0. (36)
Below, we assume that Mi = aiΛ, where ai are some onstants. Inserting the Pauli-
Villars determinants allows anelling the remaining divergenes in all one-loop diagrams,
inluding diagrams ontaining ounterterm insertions.
Making the transformation
φ→ φ/
√
Z; φ˜→ φ˜/
√
Z; Φ→ Φ/
√
Z; Φ˜→ Φ˜/
√
Z (37)
in the generating funtional, we obtain that the dependene on the renormalization on-
stant Z an be easily found from the generating funtional, whih does not ontain the
onstant Z. If φ0 and j are 0, this is made by the substitution
8
m→ m/Z; Mi →Mi/Z. (38)
Therefore, we will make alulations with Z = 1, and dependene on the renormalization
onstant will be restored in the final result.
3 Shwinger-Dyson equations and Slavnov-Taylor
identities.
In order to onstrut the Shwinger-Dyson equations for the onsidered theory it
is neessary to split the ation into three parts: the ation for the bakground field,
the kineti term for quantum fields, whih does not ontain the bakground field, and
interation, in whih the other terms are inluded:
S = S(V) + S2(V, φ) + SI(V,V, φ). (39)
(Earlier we saw that the terms of the first order in the superfield V , whih were obtained
from the expansion of the lassial ation, an be omitted.) So, generating funtional (18)
an be written as
Z[J, j,V] =
∫
dµ exp
(
iS[V] + iS2[V, φ] + iSI [V,V, φ] + iSS + i
∫
d8x JV
)
= (40)
= exp
(
iS[V] + iSI
[1
i
δ
δJ
,
1
i
δ
δJ
,
1
i
δ
δj
])
×
×
∫
dµ exp
(
iS2[V, φ] + iSS + i
∫
d8x JV + i
∫
d8xJV
)∣∣∣∣
J=0
,
where
∫
d8x ≡
∫
d4x d4θx. Let us differentiate this expression with respet to the bak-
ground field
δ
δVx
Z[J, j,V] = i
δS[V]
δV
Z + exp
(
iSI
[1
i
δ
δJ
,
1
i
δ
δJ
,
1
i
δ
δj
])
iJx ×
×
∫
dµ exp
(
iS2[V, φ] + iSS + i
∫
d8x JV + i
∫
d8xJV
)∣∣∣∣
J=0
. (41)
Moving the urrent Jx to the left and dividing the result to Z, we obtain
δ
δVx
W [J, j,V] =
δS[V]
δVx
+
δ
δVx
SI
[
V, V +
1
i
δ
δJ
, φ+
1
i
δ
δj
]
(42)
Beause the bakground field V is a parameter of the effetive ation, these equality an
be equivalently written as
δΓ
δVx
=
δS[V]
δVx
+
〈 δ
δVx
SI
[
V, V, φ
]〉
(43)
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where the angular brakets denote taking an expetation value by the ordinary funtional
integration. Certainly, it is neessary to set the field V (an argument of the effetive
ation) to 0 in the final result in aordane with Eq. (30) and the orresponding disus-
sion.
Let us find a ontribution to this expression given by the matter superfields. The
orresponding interation terms are
SI =
1
4
∫
d8xφ+
(
eVe2V eV − 1
)
φ+ similar terms with φ˜. (44)
Differentiating SI with respet to the bakground field, we obtain that the orresponding
ontribution to the effetive ation is written in the form
δΓ
δVax
= terms without matter+
∑
i
ci
δ
δVax
〈
ln detPV
(
V,V,Mi
)〉
+
+
1
4
δ
δVax
∫
d8x
〈
φ+x e
Vxe2VxeVxφx + similar terms with φ˜
〉
. (45)
We are interested in the two-point Green funtion of the gauge field, orresponding to
the expansion of the effetive ation in powers of the bakground field up to the seond
order terms. To alulate suh expansion, it is onvenient to use the following equality
∫
d8x d8yVaxV
b
y
δ2
δVaxδV
b
y
(
eVe2V eV
)∣∣∣∣
V=0
= V
(
Ve2V + e2VV
)
+
(
Ve2V + e2VV
)
V =
= e
∫
d8x d8yVbyV
a
x
[
T a
δ
δVby
(
eVe2V eV
)∣∣∣∣
V=0
+
δ
δVby
(
eVe2V eV
)∣∣∣∣
V=0
T a
]
, (46)
where e in the beginning of the seond string is a oupling onstant. Using the form of
the ation for supplementary soures (23), we easily obtain
1
4
〈
φ+x T
aeVxe2VxeVxφx + φ
+
x e
Vxe2VxeVxT aφx
〉
=
1
i
tr
[
T a
(
δ2Γ
δj+x δφ
+
0x
+
δ2Γ
δjxδφ0x
)]
. (47)
(In the last equation the matrix notation is used for the brevity.) The derivatives with
respet to the soures must be expressed in terms of fields as follows:
δ
δj+x
=
∫
d8z
[(
δ2Γ
δφzδφ+x
)
−1
D2
8∂2
δ
δφz
+
(
δ2Γ
δφ+z δφ
+
x
)
−1
D¯2
8∂2
δ
δφ+z
+
+
(
δ2Γ
δφ˜zδφ+x
)
−1
D2
8∂2
δ
δφ˜z
+
(
δ2Γ
δφ˜+z δφ
+
x
)
−1
D¯2
8∂2
δ
δφ˜+z
+
(
δ2Γ
δVzδφ+x
)
−1
δ
δVz
]
. (48)
Therefore, using Eqs. (45), (46), and taking into aount similar terms with the fields
φ˜, the orresponding ontribution to the two-point Green funtion of the matter superfield
an be written as
10
δ2Γ
δVbyδV
a
x
= . . .+ e
δ
δVby
tr
[
T a
1
i
δ2Γ
δj+x δφ
+
0x
− (T a)t1
i
δ2Γ
δj˜+x δφ˜
+
0x
+ h..
]
, (49)
where dots denote ontributions of the gauge fields, ghosts, and also all possible Pauli-
Villars fields. (In this expression we omit symmetrization with respet to the indexes a
and b, beause, as we will see below, it will be symmetri automatially.) We note that
the alulation of the Pauli-Villars fields ontributions are made ompletely similar to
the alulation of ordinary fields ontributions [8℄, and details of this alulation are not
presented here. The result will be given below.
In order to alulate expressions in Eq. (49), it is neessary to use Eq. (48) and
manifestly perform the differentiation. Then the result an be graphially presented as a
sum of two effetive diagrams
∆Γ
(2)
V = +
(50)
The double lines orrespond to the effetive propagators, whih are written as
(
δ2Γ
δφ+x δφy
)
−1
= − GD
2
xD¯
2
x
4(∂2G2 +m2J2)
δ8xy;
(
δ2Γ
δφxδφ˜y
)
−1
= − mJD¯
2
x
∂2G2 +m2J2
δ8xy, (51)
depending on the hirality of the ends. The funtions G and J are determined by the
two-point Green funtions of the matter superfield as
δ2Γ
δφ+x δφy
=
D2xD¯
2
x
16
G(∂2)δ8xy;
δ2Γ
δφxδφ˜y
= −D¯
2
x
4
mJ(∂2)δ8xy, (52)
where δ8xy ≡ δ4(x− y)δ4(θx − θy), and the subsripts denote points where the expressions
are evaluated.
The vertex funtions an be obtained from the Slavnov-Taylor identities similar to
the ase of the eletrodynamis. Certainly, it is neessary to take into aount that we
onsider the vertex funtions, whih have an external line of the bakground field. As
we already mentioned above, the effetive ation is invariant under the bakground gauge
transformations. It is easy to see that this invariane an be expressed by the equality
0 =
∫
d8y
(
δΓ
δVay
δVay +
δΓ
δφy
D2
8∂2
δφy + δφ
+
y
D¯2
8∂2
δΓ
δφ+y
+
δΓ
δφ0y
δφ0y + δφ
+
0y
δΓ
δφ+0y
+
+similar terms with φ˜ and φ˜0
)
, (53)
where
δφx = Λxφx; δφ
+
x = φ
+
xΛ
+
x ; δφ0x = Λxφ0x; δφ
+
0x = φ
+
0xΛ
+
x ;
δVx = −
1
2
(
Λx + Λ
+
x
)
+O(V). (54)
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Here Λ is an arbitrary hiral superfield, and all other terms in δV are proportional at
least to the first degree of the bakground field. (For the fields φ˜ e.t.. the transformation
laws an be also easily written.) Let us differentiate Eq. (53) with respet to Λay, ψ
+
z , φx
or with respet to Λay, ψ˜z, φx. As a result we obtain the Slavnov-Taylor identities
0 =
1
2e
(D¯2y +D
2
y)
δ3Γ
δVayδφ
+
0zδφx
− δ
2Γ
δφ+0zδφy
T aD¯2yδ
8
xy −D2y
(
δ8yzT
a δ
2Γ
δφ+0yδφx
)
;
0 =
1
2e
(D¯2y + D¯
2
y)
δ3Γ
δVayδφ˜0zδφx
− δ
2Γ
δφ˜0zδφy
T aD¯2yδ
8
xy + D¯
2
y
(
δ8yzT
a δ
2Γ
δφ˜0yδφx
)
. (55)
where
δ2Γ
δφyδφ
+
0z
= −1
8
G(∂2)D¯2yδ
8
yz ;
δ2Γ
δφ˜∗yδφ
+
0z
=
m
32∂2
(
J(∂2)− 1
)
D2yD¯
2
yδ
8
yz , (56)
They differ from the similar identities for the eletrodynamis only in the presene of
gauge group generators. Therefore, the solution will be also similar
δ3Γ
δVayδφ
+
0zδφx
∣∣∣∣
p=0
= e
[
− 2∂2Π1/2y
(
D¯2yδ
8
xyδ
8
yz
)
F (q2) +
1
8
DbCbcD¯
2
y
(
D¯2yδ
8
xyD
c
yδ
8
yz
)
f(q2)−
− 1
16
qµG′(q2)D¯γµγ5Dy
(
D¯2yδ
8
xyδ
8
yz
)
− 1
4
D¯2yδ
8
xyδ
8
yz G(q
2)
]
T a; (57)
δ3Γ
δVayδφ˜0zδφx
∣∣∣∣
p=0
= e
[
m
32
DbCbcD
2
y
(
D2yD¯
2
yδ
8
xyD
c
yδ
8
yz
)
h(q2) +
m
16
J ′(q2)
(
D¯2yδ
8
xyD
2
yδ
8
yz −
−D2yD¯2yδ8xyδ8yz
)
+
m
16
(
J ′(q2)
q2
− J(q
2)− 1
q4
)(
D2yD¯
2
yδ
8
xy
D¯2yD
2
y
16
δ8yz +D
2
yD¯
2
yδ
8
xyq
2δ8yz
)]
T a.
(58)
The primes denote derivatives with respet to q2,
Π1/2 = −
1
8∂2
DaD¯2Da = −
1
8∂2
D¯aD2D¯a (59)
is a supersymmetri transverse projetion operator, notation for the derivatives are similar
to (14), and the funtions F , f and h an not be determined from the Slavnov-Taylor
identities.
Funtions (57) and (58) allow finding ordinary Green funtions by the identities
− D
2
z
2
δ3Γ
δVaxδφyδφ
+
0z
=
δ3Γ
δVaxδφyδφ
+
z
; −D¯
2
z
2
δ3Γ
δVaxδφyδφ˜0z
=
δ3Γ
δVaxδφyδφ˜z
(60)
We note that the supplementary soures in Eq. (23) were speially introdued in order
that suh identities take plae. A proof of these relations an be made ompletely similar
to the ase of the eletrodynamis, onsidered in [8℄ in details. Using Eqs. (60) we find
12
δ3Γ
δVayδφ
+
z δφx
∣∣∣∣
p=0
= e
[
∂2Π1/2y
(
D¯2yδ
8
xyD
2
yδ
8
yz
)
F (q2) +
+
1
32
qµG′(q2)D¯γµγ5Dy
(
D¯2yδ
8
xyD
2
yδ
8
yz
)
+
1
8
D¯2yδ
8
xyD
2
yδ
8
yz G(q
2)
]
T a; (61)
δ3Γ
δVayδφ˜zδφx
∣∣∣∣
p=0
= −em
32
J ′(q2)
[
D¯2yδ
8
xyD
2
yD¯
2
yδ
8
yz −D2yD¯2yδ8xyD¯2yδ8yz
]
T a. (62)
Obtained expressions for the vertex funtions allow alulating all expressions, entering
Eq. (49) in the limit of zero external momentum. For this purpose it is onvenient to make
the following observation: The first diagram in Eq. (50) an be equivalently presented in
the form
= +
+e
δ
δVby
tr
[
(T a)t
mD¯2x
16∂2
(
δ2Γ
δφ+z δφ˜
+
x
)
−1
z=z
− T amD¯
2
x
16∂2
(
δ2Γ
δφ˜+z δφ
+
x
)
−1
z=z
+ h..
]
. (63)
The single line in the seond diagram orresponds to
− D
2D¯2
16∂2
δ812 (64)
if fields at the ends 1 and 2 have opposite hirality, and 0, if hirality of the ends is
the same. Eq. (63) an be easily verified using Feynman rules and performing the
differentiation with respet to the field V.
We will alulate the expression
∂
∂ ln Λ
δΓ
δVbyδV
a
x
∣∣∣∣
p=0
. (65)
We note that the regularization by higher ovariant derivatives is essentially used here,
beause it allows differentiating the integrand and taking the limit of zero external mo-
mentum.
Using Eqs. (51), (61), and (62) it is easy to see that
e
∂
∂ ln Λ
δ
δVby
tr
[
(T a)t
mD¯2x
16∂2
(
δ2Γ
δφ+z δφ˜
+
x
)
−1
z=z
− T amD¯
2
x
16∂2
(
δ2Γ
δφ˜+z δφ
+
x
)
−1
z=z
+ h..
]
p=0
=
= e2C(R) δab ∂2Π1/2δ
8
xy
∂
∂ ln Λ
∫
d4q
(2pi)4
1
q2
d
dq2
(
m2J
q2G2 +m2J2
)
. (66)
(All similar expressions are written in the Eulidean spae after the Weak rotation.)
Let us proeed to the alulation of all other ontributions in Eq. (50). For this
purpose we note that they ontain the sum of subdiagrams, presented in Fig. 1. The
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+
Figure 1: The sum of subdiagrams in the Shwinger-Dyson equations.
external line in these subdiagrams orresponds to the bakground fieldV, and expressions
for propagators were presented above. After simple transformations it is easy to see that
expressions for the sum of these subdiagrams in the limit p→ 0 are written as
D2yD¯
2
y
(
Vy
GD2yD¯
2
y
64∂2(∂2G2 +m2J2)
δ8yz
)
+Vy
GD2yD¯
2
y
4(∂2G2 +m2J2)
δ8yz =
= −
∫
d8x
D2x
16∂2
δ8xy
(
2∂2Π1/2Vx + iD¯γ
µγ5DVx∂µ
) GD¯2z
∂2G2 +m2J2
δ8xz −
−DaVy
GDaD¯
2
z
2(∂2G2 +m2J2)
δ8yz −D2Vy
GD¯2z
4(∂2G2 +m2J2)
δ8yz (67)
or
= D2yD¯
2
y
(
Vy
mJD2y
16∂2(∂2G2 +m2J2)
δ8yz
)
+Vy
mJD2y
∂2G2 +m2J2
δ8yz =
=
∫
d8x
D2x
64∂2
δ8xy
(
2∂2Π1/2Vx + iD¯γ
µγ5DVx∂µ
) mJD¯2xD2x
∂2(∂2G2 +m2J2)
δ8xz +
+
1
8
DaVy
mJDayD¯
2
yD
2
y
∂2(∂2G2 +m2J2)
δ8yz +
1
16
D2yVy
mJD¯2yD
2
y
∂2(∂2G2 +m2J2)
δ8yz (68)
depending on the hirality of the ends. Terms in subdiagrams, ontaining the integral
over d8x, have hiral projetion operators, ating on the ends y and z. Due to identities
(60), this allows using simpler vertexes (61) and (62) for the alulations. After simple,
but rather long alulations we obtain that the ontribution of these terms to Eq. (65) is
e2C(R) δab ∂2Π1/2δ
8
xy
∂
∂ ln Λ
∫
d4q
(2pi)4
1
q2
d
dq2
ln
(
q2G2 +m2J2
)
. (69)
It is also easy to see that a ontribution of the terms, whih are proportional to D2V in
Eqs. (67) and (68), is 0. However, a ontribution of the terms, proportional to DaV is
nontrivial and ontains the unknown funtions f and h. It an be written as
=
∂
∂ ln Λ
tr
∫
d8x d8yVyD
a
Vx
DazD¯
2
z
4i∂2
δ3Γ
δj+z δVyδφ
+
0x
∣∣∣∣
z=x,p=0
,
DaV V
Ia
(70)
where the symbol Ia (we use the notation in [9℄ here) means that in the expression for
the exat propagator it is neessary to make the substitution
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D¯2D2δ8xz → 2D¯2Daδ8xz. (71)
After substituting propagators and vertex funtions the onsidered ontribution will be
e2C(R) δab∂2Π1/2δ
8
xy
∂
∂ ln Λ
∫
d4q
(2pi)4
(
−
m2J
(
2q2J ′ − (J − 1)
)
q4
(
q2G2 +m2J2
) − 16Gf + 16m2Jh
q2G2 +m2J2
)
.
(72)
Colleting all ontributions to the effetive ation, we obtain the following result
(Z = 1, a dependene on Z will be restored later):
∂
∂ ln Λ
δ2Γ
δVbyδV
a
x
∣∣∣∣
p=0
= . . .+ e2C(R) δab∂2Π1/2δ
8
xy
∂
∂ ln Λ
∫
d4q
(2pi)4
{
1
q2
d
dq2
(
ln
(
q2G2 +
+m2J2
)
+
m2J
q2G2 +m2J2
)
−
m2J
(
2q2J ′ − (J − 1)
)
q4
(
q2G2 +m2J2
) − 16Gf + 16m2Jh
q2G2 +m2J2
−
−similar terms for the Pauli-Villars fields
}
, (73)
where dots denote ontributions of the gauge fields and ghosts. Comparing the obtained
result with the orresponding expression for the supersymmetri eletrodynamis, we see
that they differ in the multiplier C(R). Nevertheless, one more differene is possible:
In the eletrodynamis expliit alulations show that there is an identity, whih an be
written as equality to 0 of ontribution (70). The problem, if a similar identity is valid
in the non-Abelian ase, is not yet solved. In general, it is not neessary, beause there
are new diagrams, whih ontain a matter loop and vertexes with self-ation of the gauge
superfield, in the non-Abelian ase. That is why in this paper we will not assume existene
of suh identity.
4 Exat Gell-Mann-Low funtion.
Investigating the supersymmetri eletrodynamis [8℄ reveals that there are diver-
genes only in the one-loop approximation if the higher derivative regularization is used,
while the Gell-Mann-Low funtion oinides with the exat NSVZ β-funtion. Let us
onsider a non-Abelian theory.
The Gell-Mann-Low funtion is defined by the dependene of finite part of the two-
point Green funtion on the momentum in the limit m→ 0. And so, let us onsider the
massless ase and write the renormalized two-point Green funtion as
Γ
(2)
V = −
1
16pi
tr
∫
d4p
(2pi)4
V(−p) ∂2Π1/2V(p) d−1(α, µ/p), (74)
where α is a renormalized oupling onstant. It is known [20, 21℄ that the funtion d
is invariant under renormgroup transformations, i.e. does not depend on a hoie of
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the renormalization presription. The Gell-Mann-Low funtion, whih we will denote by
β(α), is given by
β
(
d(α, µ/p)
)
= − ∂
∂ ln p
d(α, µ/p). (75)
Beause the funtion d is renorminvariant, the funtion β(α) will not also depend on
a partiular renormalization presription. This is its differene from the funtion b(α),
whih is onstruted from the renormalized oupling onstant by the differentiation with
respet to the logarithm of the normalization point.
In order to obtain physial results it is neessary to alulate the funtion d in the
massive ase, and then to impose the boundary ondition
d(α, µ/p,m/µ)
∣∣∣
p=0
= αph, (76)
where αph is an experimentally measured oupling onstant, at a given µ. Moreover, it is
neessary to impose one more boundary ondition to the Green funtions of the matter
superfield:
G(α, µ/p,m/µ)
∣∣∣
p2=m2
ph
=
m
mph
J(α, µ/p,m/µ)
∣∣∣
p2=m2
ph
, (77)
in whih mph denotes a physial mass. (This equality assures that the propagator of the
matter superfield will have a pole at the physial mass.) The boundary onditions written
above allow expressing the parameters α and m (at a given µ) through the physially
observed values. Nevertheless, the results of this paper do not allow finding expliit form
of the funtions d, G, and J in the massive ase. And so, we an not relate α and m with
the experimentally observed values. However, it is possible to obtain an expression for
the ontribution of matter superfields to the Gell-Mann-Low funtion:
If d0 denotes the funtion d alulated at Z = 1, the following equation takes plae in
aordane with Eq. (73)
− ∂
∂ ln p
d−10 (α0,Λ/p)
∣∣∣∣
p=0
=
∂
∂ ln Λ
d−10 (α0,Λ/p)
∣∣∣∣
p=0
= −16piC(R) ∂
∂ ln Λ
×
×
∫
d4q
(2pi)4
1
2q2
d
dq2
{
ln(q2G2) +X(q2/Λ2)−
∑
i
ci ln
(
q2G2PV +M
2
i J
2
PV
)
−
−
∑
i
ci
M2i JPV
q2G2PV +M
2
i J
2
PV
−
∑
i
ciX(q
2/Λ2, ai)
}
, (78)
where the dimensionless funtions X are obtained from the equations
∂X(q2/Λ2)
∂q2
= −16f
G
;
∂X(q2/Λ2, ai)
∂q2
= −
M2i J
(
2q2J ′ − (J − 1)
)
q4
(
q2G2 +M2i J
2
) − 16Gf + 16M2i Jh
q2G2 +M2i J
2
, (79)
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in whih Mi = aiΛ.
The obtained integral is redued to the total derivative in the four-dimensional spher-
ial oordinates, only the substitution at the low limit being different from 0 [8℄:
∂
∂ ln Λ
d−10
∣∣∣∣
p=0
=
C(R)
2pi
∂
∂ lnΛ
{
lnG(0)2 +X(0)−
∑
i
ci ln
(
M2i JPV (0, ai)
2
)
−
−
∑
i
ci
1
JPV (0, ai)
−
∑
i
ciX(0, ai)
}
= −1
pi
C(R)
(
1− ∂ lnG
∂ lnΛ
− 1
2
∂X
∂ ln Λ
)∣∣∣∣
q=0
(80)
Here we took into aount that the funtions X(q2/Λ2, ai) and JPV (q
2/Λ2, ai) in the limit
q → 0 tended to some finite onstants, beause they were defined by onvergent (even in
the limit Λ → ∞), dimensionless integrals, whih did not ontain infrared divergenes.
Beause both parts of Eq. (80) depend on α0 and Λ/p, it allows finding the expression
for d−10 up to an insignifiant numerial onstant
d−10 (α0,Λ/p) = −
1
pi
C(R)
(
ln
Λ
p
− lnG(α0,Λ/p)−
1
2
X(α0,Λ/p)
)
+ onst. (81)
Making substitution (38) in Eq. (80) it is possible to restore the dependene of the
effetive ation on the renormalization onstant Z:
d−1(α, µ/p) = d−10 (α0,Λ/p) +
C(R)
pi
lnZ(α,Λ/µ). (82)
Differentiating this expression with respet to the momentum p, we obtain the Gell-Mann-
Low funtion:
− ∂
∂ ln p
d−1 = −1
pi
C(R)
(
1 +
∂ lnG
∂ ln p
+
1
2
∂X
∂ ln p
)
. (83)
Using Eq. (79), we rewrite this ontribution of the matter superfield as
− C(R)
pi
(
1− γ(α)− lim
p→0
16p2f
G
)
, (84)
where γ(α) is the anomalous dimension of the matter superfield:
γ
(
d(α, µ/p)
)
= − ∂
∂ ln p
lnZG(α, µ/p). (85)
(Expression (84) ontributes to the Gell-Mann-Low funtion and should be ompared
with the numerator of Eq. (1).) Let us again mention that the obtained result does not
depend on a hoie of renormalization sheme.
We note that the ontribution of the last term in Eq. (84) was always 0 in all diagrams
alulated up to now. Moreover, if the identity
tr
∂
∂ ln Λ
∫
d8x d8yVyD
a
Vx
DazD¯
2
z
4i∂2
δ3Γ
δj+z δVyδφ
+
0x
∣∣∣∣
z=x,p=0
= 0, (86)
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is valid in the non-Abelian ase, this will be always true. Nevertheless, in the non-Abelian
ase this statement requires an additional verifiation. That is why we for the generality
write the orretion, orresponding to a nontrivial ontribution of the funtion f .
We note that the funtion f an atually affet only diagrams in three and more loops.
Therefore, if suh ontribution appeared alulating the sheme dependent funtion b(α),
it ould be always eliminated by a proper redefinition of the oupling onstant.
Finally we note that due to the similarity of the result with the eletrodynamis ase,
if the ontribution of the funtion f is absent, there are divergenes only in the one-loop
approximation. Details of the orresponding alulation are presented in Ref. [8℄. This
ompletely agrees with the struture of the anomalies supermultiplet and is a partiular
feature of higher ovariant derivative regularization using [22℄.
5 Conlusion
In this paper a ontribution of the matter superfields to the two-point Green funtion of
the gauge field is alulated by the Shwinger-Dyson equations and Slavnov-Taylor identi-
ties for the supersymmetri Yang-Mills theory regularized by higher ovariant derivatives.
This regularization is very essential, beause the method of alulating, used here, is based
on the differentiation with respet to the regularization parameter and taking the limit
of zero momentum.
In many respets the obtained results are similar to the orresponding results in the
eletrodynamis. However, it is neessary to mention some differenes:
1. The alulation was made using the bakground field method, beause this method
allows preserving the manifest gauge invariane of the effetive ation. Without its using it
would be also neessary to alulate the renormalization onstant for the gauge superfield
that make alulations essentially more ompliated.
2. There is the multiplier C(R), defined by Eq. (2) in the non-Abelian ase. The
same multiplier is also present in the exat NSVZ β-funtion.
3. Deviations of the result from the exat β-funtion, due to the ontribution of the
funtion f , whih an not be determined from the Slavnov-Taylor identity, are possible
hypothetially. Suh ontributions seem to disappear in the eletrodynamis due to a
new identity for the Green funtions. However, there are diagrams, ontaining vertexes
with self-ation of the gauge field, in the non-Abelian ase, whih an break the addi-
tional identity. Contributions of these diagrams were not yet alulated expliitly in the
onsidered regularization. That is why we also present the result for the β-funtion, if
there is a nontrivial ontribution of the funtion f .
We note that aording to the above disussion, it is possible to point two possible
reasons why the three-loop alulations with the dimensional redution differ from the
NSVZ β-funtion:
1. There is a nontrivial ontribution of the funtion f .
2. In preeding papers instead of the Gell-Mann-Low funtion, the β-funtion, defined
as a derivative of the renormalized oupling onstant in the MS-sheme, is alulated.
At present we an not affirm whih of this variants (or both ones simultaneously) is
realized. This requires either expliit alulating or finding an origin of identity (86).
18
Moreover, it is neessary to alulate a ontribution of the gauge fields and ghosts
using Shwinger-Dyson equations and Slavnov-Taylor identities. Now this work is in
progress.
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